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ZEEV NEHARI

ABSTRACT. Let A4 be a real continuous n X n matrix on an inter-
val T, and let the n-vector x be a solution of the differential equation x' =
Ax on T. If [a, B] €T, B is called a conjugate point of a if the equation
has a nontrivial solution vector x = (xy, ..., x,,) such that x;(@) = .. = x,(a) =
Xp41B) = ... = x,(B) = 0 for some k € [1,n - 1].

It is shown that the absence on (¢, t2) of a point conjugate to #;
with respect to the equation x’ = Ax is equivalent to the existence on (, t2)
of a continuous matrix solution L of the nonlinear differential equation
L' =[LA ‘L_l],.oL with the initial condition L(¢;) =1, where [B].,0 denotes
the matrix obtained from the n X n matrix B by replacing the elements on
and above the main diagonal by zeros. This nonlinear equation—which may
be regarded as a generalization of the Riccati equation, to which it reduces
for n = 2—can be used to derive criteria for the presence or absence of con-
jugate points on a given interval.

Let A = A(¢) be a continuous real-valued n x n matrix on a real inter-
val I'. We consider the differential equation

1 x' = Ax,

whose solutions are n-dimensional vector functions x(¢), and the associated
equation

) X' = AX,

whose solutions are n x n matrices X(z). In both cases we shall consider only
real solutions. If ¢,, t, €T, the point ¢, will be said to be a (right) con-
jugate point of ¢, with respect to equation (1) or (2) if (1) has a nontrivial
solution vector x = (x;, ***, x,,) such that, for some k € [1,n — 1], x,(z,)
=cee=x,0) =X 41 (ty) = - =x,(¢,) = 0. A similar definition can be given
for a left conjugate point, but it will not be necessary for our purposes, and we
shall therefore use the term “conjugate point” to refer to the right conjugate
point just defined.

We quote here some well-known elementary facts concerning equations
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(1) and (2). A solution matrix X of (2) which is nonsingular at one point of
I' is nonsingular for all # €T'; such a solution is called a fundamental solution
of (2). If X is fundamental, all other solutions of (2) are of the form XC,
where C is a constant matrix. The general solution of the vector-matrix equa-
tion (1) is of the form x = Xo, where X is a fundamental solution of (2)
and « is a constant vector of dimension n.

Our principal concern is the derivation of criteria for the presence or
absence of conjugate points associated with equations of the form (1) or (2).
We shall find that in the consideration of these questions a basic role is played
by the class of nonsingular lower triangular matrices, i.e., matrices
(SxDk,i=1,..,n Such that s, # 0 and s§;, =0 if kK <1l The class of these
matrices will be denoted by 7. To indicate that a matrix L is nonsingular and
upper triangular, we write either L* € 7 (where L* is the transpose of L)
or L €7*. The symbol 7, will be used for the class of lower triangular ma-
trices whose main diagonal terms are all zero. The “lower triangular part” of
a general matrix S (i.e., the matrix obtained from S if the terms s, (k <)
are replaced by zeros) will be denoted by [S],. If, in addition, the elements
Si are replaced by zeros, we obtain the matrix [S],,.

We shall use the symbol N, (1 <k <n — 1) for the class of vectors
a=(a, -, a,) for which @, =a, =+*-=a, =0, and the symbol N;
for the class of vectors & with @, .3 =&, ., ="""=0a, =0. Clealy, Sx EN, if
@ EN, and S Er; similarly, S*a € N} is a consequence of a € N, and
S € 1. We also note that if, for any k€ [1,n — 1], a EN, and ¢ €N, _,,
a is necessarily the zero vector.

We now state our basic lemmas.

LEmMA 1. The point t, (¢, < t,) is not a conjugate point of t, with
respect to equation (1) if and only if there exists a solution X of (2) such that
X(t,) €7 and X(t,) ET*.

LEMMA 1. The interval (t,, t3) does not contain a conjugate point of
t, with respect to equation (1) if and only if (2) has a solution matrix of the

form
?3) X =L*S, L Ser,

Where the matrices L, S are differentiable on (t,, t3), and L*(t;) =1 (the
unit matrix).

We first prove the “if” part of these statements. Suppose #, is conjugate
to ¢t,, i.e., suppose there exists a nontrivial solution x of (1) such that, for
some k € [1,n — 1], x(t,) EN; and x(t,) €N, _,. Since x = Xa, where
X is a fundamental solution of (2) and « is a constant vector, we have
X ‘l(tl)x(tl) =X "l(tz)x(tz). We apply this to the solution X described
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in Lemma I (which is fundamental because of X(¢,) € 7) and note that. under

the assumptions of Lemma I, X~(¢;) €, X~1(¢,) € 7*. Since Xz, )x(¢,)
€ N, and X~ '(t,)x(t,) € N,_,, it follows that X~ !(¢,)x(¢,) must

be the zero vector. But this implies x(¢,) =0, ie., x is the trivial solution

x =0, contrary to our assumption. The conditions on X in Lemma I are thus
sufficient to prevent ¢, from being a conjugate point of ¢,.

The corresponding assertion in Lemma II is an immediate consequence of
this. If ¢z, is a point in (z,, #3), we replace X by the fundamental solution
Y =XS~1(¢,) and note that, by (3) and the assumption L*(t;) =1 Y(t,) €
7 and Y(¢,) € 7*. Thus, by Lemma I, ¢, cannot be conjugate to ¢,.

To prove the “only if” part in Lemma I, suppose that ¢, is not con-
jugate to ¢,, and let x be a nontrivial solution of (1) for which x(t,) € N,
where k may be any integer in [1,n — 1]. If X is a fundamental solution
of (2) for which x(z,) €7, we then have X~ l(tl)oc(tl) € N, and therefore,
because of X~ 1()x(f) = a = const, x(t,) = X(t,)o, where & € N,
and the components & ., 0, ,, """, @, of & may be given arbitrary values
by imposing suitable unitial conditions on the components Xx; ., Xg 41, ° ">
x, of x. We assert that the (n — k) x (n — k) submatrix of X(z,) in the
lower right-hand corner must be nonsingular. If this were not true, there would
exist a nontrivial set &4, ***, &, such that the last n — k components of
x(t,) = X(t, ) are all zero, ie., ¢, would be conjugate to #;, contrary to our
assumption. Since kX may be any integer in [1,n — 1], this argument shows
that if ¢, is not conjugate to ¢, all the square submatrices of X(¢,) which
contain the element in the lower right-hand corner of X(#,) must be nonsingu-
lar. By a well-known result (e.g. [1, p. 35]), this implies that X(¢,) may be
written in the form L*S, where L, S € 7.

Since Y(f) = X(¢)S~?! is a solution of (2) for which Y(¢;) €7 and
Y(z,) € 7*, this completes the proof of Lemma I. To show that the decompo-
sition X(¢) = L*(t)S(¢) (where ¢t may now be identified with any point in
(t,, t3)) also leads to the proof of Lemma II, we note that this decomposition
can be made unique by the requirement that all the elements in the main diag-
onal of L(¢) be equal to 1. If this is done, the elements of L(t) and S(¢)
can be expressed rationally in terms of the elements of X(z) [1, p. 38]. Since
the denominators appearing in these expressions are the determinants
Xouly y=k+1,.,n =1,++, n—1), which were just shown not to vanish
on (t,, t3), the differentiability of the elements of L and S follows from
that of the elements of X. This concludes the proof of Lemma II.

2. Our next result shows that the absence, on an interval (¢, ¢,), of a
point conjugate to #; with respect to equation (1) is equivalent to the fact
that a certain nonlinear differential equation has a continuous solution on
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[t;, t;). The statement of the theorem uses the symbol [ - 17, which, as
indicated above, is defined as follows: If B is a matrix (byp, )k m=1,..n>
then C= [Bl,, is the matrix (cy,,) for which ¢, =b;,, for m <k and
Cem =0 for m>k.

THEOREM L. In order that the interval (t,, t,) contain no point con-
jugate to t, with respect to equation (1), it is necessary and sufficient that
the solution of the nonlinear differential equation

@ L'= [LA*L—I]T'OL
with the initial condition L(t,) =1 be continuous on (t,, t,).

We note that, if it exists, a continuous solution of (4) is necessarily of
the foom L =1+ Ly, where Ly € 7,. Indeed, since L is a solution of the
linear equation L'=RL where the matrix R = [LA"‘L“],0 isin 75, we
have L =lim, L, , where

t
Ly =1+ft RL,ds, L, =1.
1

Since RL,, €1y if RE€E 7, and L, €7, this shows that L, ., — /€7,
for all m, and the assertion follows. ’

Accordingly, the matrix L has only % n(n — 1) nontrivial elements, and
equation (1) may therefore be tested for the absence of a conjugate point to
t, in aninterval (¢, t,) by solving a system of % n(n — 1) nonlinear differ-
ential equations. For n =2, only one equation has to be solved. As we shall
see, this is precisely the classical Riccati equation associated with the 2 x 2
system of linear equations. The system (4) may thus be regarded as a general-
ization of the Riccati equation to the case of an n x n matrix. The nature
of the nonlinearities appearing in (4) is described in the following statement.

If Ly, (i > k) are the nontrivial elements of the solution matrix L in (4),

equation (4) is equivalent to a system
’

(5) Lik = Fik(Lrs)’
where the F  are polynomials of degree not higher than n in the variables
L, (r>s).

To prove Theorem I we note that by Lemma II the absence of a conjugate
point to ¢, in (¢,, ¢,) is equivalent to the existence on [t,, ¢,) of a solu-
tion X of (2) which admits of a decomposition X = L*S, where L, S €,
L(t,)=1, and L, S are differentiable on [t, ¢,). As pointed out above, we
may also assume that, throughout [¢,, ¢,), all the elements in the main diagonal
of L are equal to 1. Substituting this representation of X in (2), we have
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L*'S + L*S' = AL*S, and thus L*~1L* + §'S~! =L*~14L* or, equiva-
lently,
() L'L~ + $*1s% = LA*L™!.

Since § €7, we have §*~'S* € 7* and therefore [§*~'§*],, =0. From
L-1I€rm, itfollowsthat L'L~' €1y and therefore [L'L~'], =L'L~.
Accordingly, an application of the operation [« ],0 to (6) leads to L'L~! =
[LA*L™'],,, and this is equivalent to (4).

To prove that the functions Fj; in () are polynomials of degree not
exceeding n, we observe that Ly =0 if L, €7,. Thus,since Lo =I-L€E
Top LV =@ —Ly) ' =I+Ly+---+L3"!, and we have

LA*L"'=( - LO)A*(I + Lo+ + Lg-—l).

This shows that the elements of LA*L™!—and therefore also the elements
of [LA*L“],o—are polynomials of degree <n in the elements of L.
By (4), the functions Fj; in (§) are thus polynomials of degree <n + 1 in
the elements of L,. The fact that the degree n + 1 is excluded is a conse-
quence of the identity
[LoA™L571), L = LoA*Ly- 1,
which may be established in the following manner. Since L, € 7, all elements
of the matrix Lg‘l, except the one in the lower left corner, are zero. As a
result, the only nonzero elements of A*Lg‘l appear in the first column, and
we thus have A*L}~! € 7. This implies that LoA*Ly~! € 17,, ie.,
[LoA*LG™ 1)1y =LoA*LG™!. Hence,
[LoA*L™ "], L = LoALG ™' = Lg) = LA™LG™",

as asserted.

We illustrate the use of Theorem I by two examples. The first is the case
n =2, in which the matrix L = (Ly); x=;,, has the elements L, =L,, =1,
L,,=0, L,; =p, where p is a differentiable function of . If a;; are the
elements of the coefficient matrix 4, a computation shows that the element
appearing in the lower left corner of [LA"‘L“],o is (@, —ay)0+a,, -
a,,p®. Hence, (4) leads to the Riccati equation
) P'=ay; + @y —ay3) p.— ay,0%.
By Theorem I, the interval (¢,, ¢,) will be free of points conjugate to ¢,
with respect to the equation x’ = Ax if and only if the solution of (7) deter-
mined by p(¢,) =0 remains continuous in (¢, ¢,). We also note that this
example confirms the assertion, made above, that (4) reduces to the classical
Riccati equation in the case n = 2.

Our next example concerns the case n = 3. To keep the formalism sim-
ple, we confine ourselves to a 3 x 3 system x' =Ax which corresponds to
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the third-order linear differential equation

® u" + p(Hu =0,

where p is continuous on the interval considered. If we identify x, in the
customary manner, with the vector (4, u’, u"), the nonzero elements a;; of
the matrix 4 are a,, =1, a,3 =1, a3, =— p. If we denote the non-
trivial elements of L (i.e., the elements below the main diagonal) by L,, = p,
Ly, =0, Ly, =7, a computation shows that the nonzero elements of the
matrix B = [LA*L™'],, are B,; =1 —pp(pr —0), By, =7 —p —

po(pr — 0), B3, =1 + por. Accordingly, (4) is found to be equivalent to the
system of equations

) p'=1—=pplpor —0), o =1+po® 1 =1+por.

These equations can be cast into a more symmetric form by introducing a
redundant fourth function. If we set ¢ = p7 — g, it follows from (9) that

¢ + pp? = p. Accordingly, (9) is found to be equivalent to the system of four
equations

(10a) o' =7+ po?, 7 =1+ por,

(10b) ¢ =p - pe?, o' =1-ppy

and the relation ¢ = p7 — 0.

By Theorem I, the nonexistence of a point #; € (¢,, ¢,) such that equa-
tion (8) has a solution u with u(t,)=u'(t;)=u"(t,) =0 or u(t,))=u'(t,) =
u"(t,) = 0 is equivalent to the existence of solutions o, 7, p, ¢ of (10) which
satisfy o(z,) = 7(¢;) = p(t,) = ¢(t,) = 0 and are continuous on [z, ¢,).

We remark that in an interval (¢,, t,) in which they are continuous,
these functions are necessarily positive. In the case of 7 and p this follows
the fact that 7'=p'=1 at ¢,, which implies that 7>0 and p>0 ina
right neighborhood of #,. At a first zero of 7 (or p) in (¢, t,) we would
have 7' <0 (or p' <O0) which conflicts with the fact that, by (10), 7' =1
(or p'=1) at such a point. In the case of 0 and ¢ we have 0'(t,) =¢'(t;) =
0, and (10) shows that (¢ — #,)~'7(f) and (¢ — #,)"'@(r) tend to 1 if
t — t, from the right, so that ¢ and ¢ are again positive in a right neighbor-
hood of #,. At a first zero of these functions in (¢,, ,) we have, by (10),

o' =7 and ¢’ =p, respectively. Since p>0 and 7> 0 in (t,, t;), we
obtain the same contradiction as before.

In the case in which the coefficient function p is of constant sign, the
positivity of the functions 7, g, p, ¢ leads to a considerable simplification. If
p =0, it follows from the equations (10b) that ¢’ < p, p' <1, and thus
0<p<t 0<¢p<%¢? aslongas p and ¢ are defined. We may therefore
conclude from the existence theorem that the differential equations (10b) (with
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the initial conditions p(¢;) = ¢(¢,) = 0) have a unique and continuous pair of
solutions p, ¢ aslong as p remains continuous. Hence, these equations may
be disregarded, and our necessary and sufficient condition for the absence in
(¢4, t;) of a point conjugate to #; reduces to the existence in [t,, #,) of a
continuous solution of the system (10a) with the initial conditions o(t,) =
7(t;) = 0. In the case p <0 we have a similar result, with (10a) replaced

by (10b).

We note that the two equations (10a) are equivalent to equation (8). In-
deed if we set exp[— [ 8pa ds] =R, the equations (10a) take the form (Ro)’
=Rt, (R7)' =R. With u =Ro, we have therefore u’=R7, u"=R. Since
R’ =— poR = — pu, we thus find that u satisfies equation (8). Similarly, the
equations (10b) are equivalent to the equation v""’ — pv = 0.

The classical Riccati equation is a convenient point of departure for the
derivation of oscillation criteria for the associated second-order linear equation.
The “Riccati system” (10a) can be made to play a similar role in the oscillation
theory of equation (8). To illustrate the possibilities, we consider the case p =
0 and the interval [0, ). It is known [2] that in this case a conjugate point
to of O (in the sense defined above) is necessarily associated with a solution
of (8) for which u(0) = u4'(0)=u"(t,) = 0; moreover, the absence on [0, )
of a point conjugate to 0 is equivalent to the disconjugacy of the equation in
the sense of Wintner [2], i.e., to the fact that no nontrivial solution of (8) can
have more than two zeros on [0, ).

If we set T = g/r, it follows from (10a) that T’ =1 — Tr~1. Since, by
the second equation (10a), 7=>¢ we have T' =1 — Tt~}, ie., (¢tT) >1t,
and thus T > %t. On the other hand, T’ < 1, and therefore (because of T(0)=
0), T<t. Applying these inequalities to the second equation (10a), we obtain
1+ %ptr2 <7'<1+ptr?. If weset 7=ww')~!, where w(0)=0, w'(0)>0,
these inequalities take the form w” + %ptw <0 <w" + ptw, and the continuity
of 7 (and, because of 0 <0 <7, also the continuity of o) is equivalent to w# 0.
Elementary comparison arguments (cf., e.g., [15]) show that the existence of such
a function w implies the existence of a solution U of U" + %ptU =0 with U(0)
=0, U'#0, and is implied by the existence of a solution ¥ of V" +ptV =0
with ¥(0)=0, ¥’ # 0 (both on the interval [0,%0)). Since the existence of these
solutions is equivalent to the disconjugacy of these equations on [0, ) [15],
this leads to the following result.

In order that equation (8) (with p = 0) be disconjugate on [0, °), it is
necessary that U" + ¥%ptU =0 be disconjugate on [0, *°) and sufficient that U" +
ptU =0 be disconjugate on this interval.

3. Let T(¢) be a differentiable matrix function on [¢,, #,] such that
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T(t,)Er and T(t,) E7*, andlet Y'=A4,Y be the differential equation solved
by Y =TX, where X is the solution of (2) described in Lemma I. It is evident
from Lemma I that ¢, will not be a conjugate point of #; with respect to the
transformed equation if the same is true of equation (2), and vice versa. Since
A, =(T' + TA)T"!, Lemma I has the following consequence.

LEMMAIIL. In order that t, be not a conjugate point of t, with respect
to equation (2), it is necessary and sufficient that the same be true for the equa-
tion

Y'=4,Y, A, =T+ 14T},
where T is any nonsingular matrix which is differentiable on [t,, t,] and satis-
fies the conditions T(t,) €1, T(t,) ET*.

A similar conclusion may be drawn from Lemma II. If X is the solution
described in Lemma I and R is a matrix which is differentiable and €7 on
[t;, 2,] and reduces to the unit matrix at #,, the matrix ¥ =R*X = R*L*S
satisfies all the conditions imposed on X in Lemma II, and we have the following
result.

LEMMA IV. In order that the interval (t,, t,] should not contain a con-
Jugate point of t| with respect to equation (2), it is necessary and sufficient
that the same be true for the equation
a1y Y =A4,Y, A, =@R"Y +R*4)R*!,
where R is any matrix of T which is differentiable on [t,, t,] and such
that R(t,)=1.

These lemmas show that any condition on the coefficient matrix A which
guarantees the existence or nonexistence of conjugate points can be replaced by
the same condition on the matrices A, or A4,, as the case may be. Since the
latter matrices depend on arbitrary triangular matrices, this leads to conditions
of considerable generality. We shall illustrate this remark in the case of the
condition

12) f:: llar <%,
which guarantees that the interval (z,, t,] does not contain a point conjugate
to ¢, with respect to equation (2) [6], [10]. Here, - I denotes the matrix
norm induced by the euclidean vector norm. (Conditions employing other
norms can be found in [11], [13].) We also note that the constant #/2 in
(12) is the largest possible; in fact, the stated consequence does not follow if
the sign of equality is admitted in (12) [10].

To make this paper self-contained, we give here a very simple derivation
of condition (12). Introducing the variable s =s(¢) = S} . l4lldt and writing



CONJUGATE POINTS, TRIANGULAR MATRICES, RICCATI EQUATIONS 189

x for dx/ds, we obtain from (1)

Al el = Ix'l = ldxl < 141 Il

and thus ¥l < Ixll. With x=(x,, -, x,) it follows that
n « .
2 2 _
kgl [foxk ds -—foxk ds] <0, o =s(t,), t; €@, 1,1,

and we may therefore conclude that there exists a component x, for which
Y a o
(13) oXads <[ x2ds

If ¢; is conjugate to ¢, there exists a solution x such that each of its com-
ponents vanishes at either ¢, or 73, and we may therefore assume that the
function x, =x,(s) is such that either x;(0) =0 or x;(e) =0. On the
other hand, it is well known (cf., e.g., [3]) that a function with these prop-
erties is subject to the inequality S{x2ds < f§x2ds, provided &< m/2. Since
this contradicts (13), it follows that ¢; cannot be conjugate to ¢, if 7/2> a
=st3)=/ :12 l41lds. Hence, (12) guarantees that no point in (¢,, ¢,] is con-
jugate to ¢,.

Combining condition (12) with Lemmas III and IV, we obtain the follow-
ing two results.

THEOREM II. If there exists a differentiable nonsingular matrix T on
[¢,, t,] such that T(t,) €1, T(t,) € * and f,’lz (T + TA)T Ydr < n/2,
then t, cannot be a conjugate point to t, with respect to equation (2).

THEOREM IIl. If there exists a differentiable matrix R €1 on [t,, t,]
such that R(t,)=1I and

t
(14) { :: IRIR' + A*R)ldr < 7.,

then the interval (t,, t,] does not contain a point conjugate to t, with re-
spect to equation (2).

Every choice of a matrix T or R with the requisite properties thus
leads to an explicit criterion. In the case n =2, the situation is particularly
favorable. As the following statement shows, in this case all possible discon-
jugacy criteria can be obtained in this way. We confine ourselves here to the
situation covered by Theorem II; the corresponding assertion related to The-
orem I follows as a corollary.

THEOREM IV. Let A =(a;,) bea 2 x 2 continuous matrix such that
a,, #0 on [t,,t,]. In order that the interval (t,, t,] contain no point
conjugate to t, with respect to equation (2) it is necessary and sufficient that
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there exist a differentiable 2 x 2 matrix R € T which satisfies the inequality
(14) and the initial condition R(t,) =1

All we have to show is that if a,; # 0 and the interval (¢,, ¢,] con-
tains no point conjugate to ¢, there exists a matrix R € 7 such that R(¢;) =
I and (14) is true. To do so, we denote by X the solution of (2) determined
by the initial condition X(¢,) =1 and apply the Schmidt decomposition (cf.,
eg., [16, p. 96]) to the matrix X*~!. We obtain X*~! =RQ, where R €
7 (since X*~1 is nonsingular) and Q is an orthogonal matrix. If the diagonal
elements of R are taken positive, both R and @ are uniquely determined
(and are differentiable since X is differentiable). From the fact that RQ =1
at t, it follows that R =1 at t;. Indeed, we have I = (RQ)(RQ)* = RR*,
ie., R=R* ! Since R€7r, R* ! €r* thisimplies that R is a diagonal
matrix. But I=RR*=R?, and the diagonal elements of R are positive.
Hence, X*~! =RQ, with R(¢,) =1 Solvingfor Q (and using the fact that
0*=0Q"1), we have Q =R*X and therefore

Q'0~'=(R* + R*4)R*1 =4,,
where A, is the matrix (11). Hence, by Lemma IV, the absence in (¢, #,]
of a point conjugate to ¢, with respect to eguation (2) is equivalent to the
same property with respect to the equation
@as) Q' =4,0
Since @ is orthogonal, we have

A, +43 =00 + (@0 1)* =Q'¢* + 00" = (2" = 0.
Thus, the coefficient matrix A4, in (11) is skew-symmetric.

We remark that this property of 4, leads to a differential equation for
the triangular matrix R. Since A, may be written in the form S* — S, where
S €1y, we have, by (11), R™!(R' + A*R) =S — S*. Applying successively
the operations [ ], and [ 1,5 and noting that [R7IR'],=R™'R’, we
obtain R™'R' + [R"14*R], =S and [R-IA*R],6 = — S*. Eliminating S,
we find that R is the solution of the differential equation

(16) R'=-R{[R7'4A™R], + ([R-IA*R],(.,)*}

determined by the initial condition R(t,) =1 It may be noted that although
this equation is not linear, the solution R is—because of its definition by means
of the Schmidt decomposition—necessarily continuous throughout the interval
of continuity of A.

If n=2, the skew-symmetric matrix A, = (b;;) has the elements b,, =
by, =0, by, =¢, by, =— ¢, where ¢ is a continuous scalar function on
[t;, t;]. The solution x = (x,, x,) of the vector-matrix equation associated
with (15) for which x(z,) = (0, 1) is
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_F..rt t
x = l:smftlwds, cosftl¢ds] ,

and this shows that the conjugate point of ¢, is the point 3 (¢35 >¢,) for
which [ t'l3(pds =/2. Since 4,1 =yl the absence on (¢, ¢,] of a point
conjugate to ¢, will therefore imply S ff 4, llds < m/2 (i.e., because of (11),
the inequality (14)), provided ¢ is of constant sign. Accordingly, Theorem IV
will be proved if we can show that ¢ #0 on [t,, t,] if the element a,, of
A does not vanish on this interval. Using (11) and the special form of 4, in
our case, we have

,
Ry, 0 + 81 9\ [Ry O _ Ry, 0 U
Ry Ra 2, 9] \Ryy Ry, Ry Ryf\w O
Comparing the elements in the upper right corner, we obtain a,,R,, = — ¢R,;.

Since R €7, we have R;;, R,, ¥ 0, and ¢ # 0 is thus a consequence of the
assumption a,, # 0. This completes the proof of Theorem IV.

To illustrate the nature of the formalism involved in the nonlinear equation
(16), we compute R in the case of a 2 x 2 system corresponding to the sec-
ond-order equation y" + py =0, p > 0. With the coefficient matrix (a;;),
where a,, =a,, =0, a;, =1, a,, =— p, and the abbreviations R, =p,
R,, =0, R,, =7, (16) is found to lead to the system of differential equa-
tions

, 2 _ __bpor
(7) p'=po, o =F-—p 7=-".

The first and third equations lead to (o7)’ =0 and therefore, because of
R(t;) =1, to pr = 1. Using this, and eliminating 7 and o, we find that p
must be a solution of (p'/p)’ + p =p/p3. Now it is easily confirmed that the
general solution of this equation is of the form p = (u2 + vz)%, where u and
v are two linearly independent solutions of the linear differential equation
(18) W) +w=0
which are normalized by the condition vu' — uv' =p (the fact that wu' — w’
=op, a constant, follows from Abel’s identity). It may be noted that, be-
cause p = (u? + v?)” >0, the solutions p, 0, 7 of (17) are continuous if p
is continuous, as expected. (16) also shows that ¢ =pp~2. Since wu' — uv' =
p, we therefore have
__p_ _

u+v? 1+ ufv)?

(p’—_

'QN l"ﬂ

and thus
t

t
(19) f tch ds = [arctan g—] 2
1

51
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Since u, v are solutions of (18), the functions U=u'p~!, V=vp~! are
solutions of the original equation y” + py =0, which are normalized by the
condition VU' — UV’ =1, and (19) may be replaced by

(20) f:j¢ ds = [arctan %]:j .

If we define U, V' by the initial conditions U(t,)=0, U'(t,)=1, V(t,) =1,
V'(t,) =0, we have ¥’ <0 in a right neighborhood of t,, and therefore
U(V'~')— —o if t— ¢, from the right. Since the conjugate point ¢,
of ¢, is the first zero of U’, the integral (20) has the value 7/2; because

of ¢ >0, its value is < /2 if its upper limit is a point in (z,, ;).

4. In the case in which A is the companion matrix associated with an
nth order differential equation

1) y™ +p, YOV 4. ppy=o,

a conjugate point #, of ¢; with respect to the equation x'=Ax is characterized
by the existence of a nontrivial solution y of (21) for which y(t,)=y'(¢;)="-*=
y("‘l)(tl) =y(")(t2)= e =y(”“)(t2) =0, where k€ [1,n — 1]. In the ter-
minology used in the theory of equation (21), such a point is called a focal point, and
the term “conjugate point™ is reserved for a point ¢, such that (21) has a nontrival
solution y with y(¢,)=y'(t;)="--=y* =) =y(t,)=y't))=-=y" D,
=0 [4], [5],[7], [8], [9], [14]. In the corresponding vector-matrix equation

x' = Ax, the latter type of point is characterized by the existence of a nontrivial
solution x =(x,, ***, x,,) such that x,(¢,)=x,(¢;) =" "=x,(t,)=0, x,(¢,) =
x,(t,)=""=x,_;(,)=0, k€ [1,n —1]. To avoid confusion we shall call a
point of this type a “conjugate point of the second kind” with respect to equation
(1). While this concept is of particular interest in the case in which the coefficient
matrix A is the companion matrix of an equation (21), it can be applied to the
general equation (1).

The following result shows that the absence of a conjugate point of the
second kind is equivalent to the possibility of decomposing a certain fundamental
solution matrix X of (2) into a product to two triangular matrices. The situation
is similar to that described in Lemma II, but there are two significant differences:
The order of the two triangular matrices is reversed, and the solution X now has
a different initial value.

LEMMAV. Let E =(E;;) be the n x n matrix whose only nonvanishing
elementsare Ey 1 _x =1, k=1,"-+,n. Inorder that the interval (¢, t3) be
free of conjugate points of the second kind t,(t,) with respect to equation (1),
it is necessary and sufficient that the solution X of (2) with the initial value X(t,)
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=E have a representation
22) X = LS*, L, SET,
where the matrices L, S are differentiable on (t, t,).

The representation (22) can be made unique by requiring, for example, that
the elements in the main diagonal of L be all equal to 1.

The exclusion of the point ¢, from the interval of differentiability—and,
indeed, continuity—of L and § is unavoidable. If these matrices were continuous
on [t,,t,), it would follow from L(z,)S*(t,) =E that both L(¢,) and S(¢,)
are nonsingular (and thus €7), and therefore L(,)=ES*~ l(tl). Since the ele-
ments of ES*~! above the secondary diagonal are all zero, this would imply that
the elements of L(¢,) along the upper half of the main diagonal are all zero, and
this is incompatible with L(f;) € 7. The matrix functions L(¢) and S(f) may
thus be expected to exhibit singular behavior (singular in the analytic, not the
algebraic, sense) as ¢ —> ¢, from the right. The nature of this singular be-
havior will be discussed later.

We now turn to the proof of Lemma V. Suppose the point t, =¢,(¢,) isa
conjugate point of the second kind, i.e.—in the terminology used in the proof of
Lemma II—suppose there exists a nontrivial solution x of (1) such that, for some
k€[l,n—1], x(¢,) EN; and x(t,) EN,,_;. Let X be the solution of (2) for
which X(¢,)=E, and suppose that X has the representation (22). Since X isa
fundamental solution, we have x =Xa, where « is a constant vector, and there-
fore

E='x(t,) = X1ty () = X2 (000(8,) = S (2L ™ ()0 (1),
or (because of E~1 =F)

(23) S*(t,)Ex(t,) = L~ (t,)x(2,).

Since x(t,) EN, _; and L™ l(1‘2) €7, the right-hand side of (23) is also a vector
of class N, _,. On the other hand, multiplication of a vector by the matrix E
reverses the order of its components, and it follows from x(¢;) €N, that
Ex(t,) €Ny Because of S*(¢,) €7*, the left-hand side of (23) is thus found to
be a vector of the class N;‘7 As remarked earlier, the only vector § for which
both 8 GN;C and BEN,,_, is the zero vector. Thus, both sides of (23) are zero.
Since both $*(¢,) and E are nonsingular, it follows that x(¢,) =0, i.e., x is the
trivial solution of (1), contrary to our assumption. This shows that conjugate
points of the second kind cannot occur if the solution X has the representation (22).
To prove the converse, suppose that ¢, is not a conjugate point of the second
kind (of ¢,), and let x be a nontrivial solution of (1) for which x(¢,) € N, where
k may be any integer in [1,n —1]. If X is the solution of (1) for which X(z,)=
E, we then have X‘l(tl)x(tl) =Ex(t,) EN}. Since X~ Y(O)x(?) = a=const, it
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follows that x(¢,) = X(¢,)a, where @ €Ny and the components 0y, 0,00,
@, _;_; of a may be given arbitrary values by imposing suitable initial condi-
tions on the components x; , ;, Xz 44, ***, X,, of x. By assumption, x(¢,) &
N, _; for all nontrivial choices of &, **, @, _;_, and this implies that the
(n — k) x (n — k) submatrix of X(z,) in the upper left corner is nonsingular.
Since k may be any integerin [1,n — 1], all square submatrices of X(z,) which
contain the element in the upper left corner of X{(¢,) are thus found to be non-
singular, and it follows by the result quoted above that X(¢,)=LS*, where
L, S €7. If this decomposition is made unique by setting the elements in the main
diagonal of L equal to 1, the differentiability of L and S becomes a consequence
of the differentiability of X (cf. the proof of Lemma II). This completes the proof
of Lemma V.

We now apply to (22) a procedure similar to that which led from the decom-
position (3) to the differential equation (4). Since, by (22) and (2), L'S* + LS* =
ALS*, we have

0L)) L™+ s¥s*-1 = [-14],

Applying to this the operation [ ],,, we obtain [L™'L],,=[L™'AL],. If
L is normalized so that all the elements in its main diagonal are 1, we clearly have
L' €7, and therefore L~'L' €y, Thus, [L™!L'],;,=L~'L’, and the differ-
ential equation for L simplifies to

(25) L'= L[L“‘AL]TO.

A comparison with (4) shows that, though of similar build, this equation is es-
sentially different from (4). The equations also differ in the initial conditions to
be satisfied by the solution L. In the case of equation (4), all nontrivial elements
of L had the initial value 0. In the case of (25), the situation is more complicated
since, as pointed out above, some of the elements of L must become singular as
t—>t, from the right.

By way of illustration, we consider the case of a 2 x 2 matrix 4 = (a;,).
Clearly, the only nontrivial element of L isnow L,,, and a short computation
shows that (25) is in this case equivalent to the Riccati equation

(26) R'=a,, +(,, —a,,)R — a,,R?

for R=L,,. (It may be noted that (26) transforms into (7) under the substitu-
tion R~! =p.) To find the initial conditions to be satisfied by R we note that,
for small values of e=¢ —¢,,

LS*) = X(t) =E + ft ! AG)Eds + O(e?).
1

Denoting the elements of S by S;,, we obtain
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t 2 t
Sll:fr a12ds+0(), RS, =1+ a5,ds + L)
1 1

by equating the elements in the first column. Hence, lim,,, l(t = t,R@®) = [a,,¢ )] !
(the fact that a,,(¢,) # 0 is a consequence of S € 7). Our final result is therefore that
the interval (¢,, ¢,) is free of conjugate points of the second kind if and only if
the Riccati equation (26) has a solution which is continuous in (¢,, ¢,) and is such
that lim,,, (t — ¢,)R(#) exists and is # 0. That this limit must have the value
[a;,(t;)]1 ™" can be seen by setting R~ 1 =) and using equation (7).

In the further discussion of equation (25) we confine ourselves to the case
in which A is the companion matrix of the nth order differential equation

(X)) y™ - pn_zy(n—z) - pn_sy(n—s) P ply' —pyy =0.
In this case (which is the one of major interest), the particular form of A4 leads
to a considerable simplification of the procedure for obtaining the correct initial
conditions for the solution matrix L of (25). Also, for matrices 4 of this type
equation (25) can be brought into a very much simpler form.

The companion matrix of equation (27) is 4 =4, + E,, where the elements
in the bottom row of 4, are py, Py, ***, P, 2,0, and all other elements of 4,
are zero; E, is the matrix (b;;) whose only nonzero elements are b;;, ; =1,
i=1,2,---,n— 1. We shall show that for such a matrix 4 equation (25) reduces to

(28) L'=AL - LE, + L(L E, - E,L,)

where L, = (c;;) is the matrix whose only nonzero elementsare ¢; ;,.4 =L; ;4 4,
i=1,---,n—1 (and L are the elements of L). Written in terms of the L,
(28) is equivalent to the system

Ly =Ligy g —Ligsr ¥ LiclCi—1 = Licw1,1)s

@) Lk=1,,n=1,,=0),
L) PR 2% AP AR S RN & T ( P R §
(Ln+l,n=0)'

To derive (28), we observe that A, €7, and therefore (because of L €7)
L4y L €y Hence, [L™'AL] o =L~ "AL — [L™'AL] .. =L7'AL -
[L-'(4g +E L)« =L AL - [L7'E L] ., and (25) is found to be equiv-
alent to
(30) L'=AL-L[L'E|L],..

We introduce here, for the moment, the notation 7, for the class of matrices
() for which 0, =0 if £>i—1. Clearly, L —I - L, €7, and, as a result,
E,(L-1-Ly)ETy and L~E(L —I- L) E€7,. Hence,

[L7EL] ,=L7'Eq+L)+L7'E\L —I-Ly], .= [L7'T+Ly)],..
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From L -I€1y, L —D*€ry and L~ =I- (L =)+ -+ )@ -n?
it follows that L=! — I+ L, €, and thus, as before, a! —I+LyE (L —-I-L,)
€ 7,. Thisimplies that [L™'E,(I + Lo)],» = [ = Le)E (I +Ly)] ,». Since,

as just shown, [L™1E,L],.=[L7'E (I +L,)],., we find that (29) reduces to

L'=AL-L[I-L)E,(d+Ly)],..

Since LoE Ly €7, E; €E7*%, and both LyE, and E,L,, are diagonal matrices,
we have [(I — Lo)E,(I +Lg)],+ =E; +E Ly — LyE,, and this establishes (28).
We also note that (24) and the identity [L~'AL],.=[L"'E,L],.=E, +E,L,
— LE, lead to the differential equation
G S*=(E, +E,L,— L E,)S*
for the matrix S.

We now consider the behavior of the elements of L as ¢ —>¢,. Since 4 is
the companion matrix of the equation (27), the matrix X described in Lemma V
is the “Wronskian matrix” (u{*~1)) ik=1,..n> Where u, is the solution of (27)
determined by the initial conditions u{*~1)(¢,)=§,,. If L"), s*(*), x(*)
denote, respectively, the k x k submatrices of L, S*, X containing the element
in the upper left corner, it follows from L € 7, S* € 7* that L*)§**) = x(¥),
The determinant of X is the Wronskian W, =W(u,, -, u;), and the determinant
of a triangular matrix is the product of its diagonal terms. Since L;; =1, we thus
have W, =S5,,S,, *** Sk, and therefore

(32) S =WilWy_y-
From equation (31) we find, on the other hand, that Sp =Ly 1y & — Ly x— 1 )Skx-
Combining this with (32), we obtain

Wi Wi-1

w, L -L

k+1,k=wk_l Kk—1°
Since W, =u, and, by (22), L,, =u}(#,)™", this shows that
Wi

(33) Lipip=gpe k=loon-l

Near ¢,, the solution u;, of (27) is of the form

we =~ 0N~ — 1" * +0[C - 1)1,
and it is easy to see that this implies W, =O[(t - tl)" ("=k)]. We may therefore
conclude from (33) that
_k(n-k)

(34) Lyyy =" : +0(1)
‘near ¢,. The singular behavior of the other nontrivial elements of L can be ob-
tained from (34) if it is observed that, in accordance with the equations (29), the
elements L;,, k<i—1, can be computed from the elements Ly ., ;, by means
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of differentiations, multiplications and additions, and it is easily seen that

lim,_,,f (t- tl)" - "L,.k exists for all k¥ <i. However, the knowledge of the singu-
lar behavior of the elements L, k <i — 1, is not necessary in order to character-
ize the solution L of (28) in which we are interested. Because of the observation
just made, L can be obtained from the elements Ly ., , by means of elementary
processes, and it is clear that L is completely determined by the initial conditions

gy (= 1) gy o =k =), k=1, n— 1.
The following statement sums up our results.

THEOREM V. Let L, i=1,+*,n, k=1,*-,n — 1, be the (unique)
solution of the Riccati system (29) determined by the conditions
limr»r}"(t ~ )y =k —k), k=1,"--,n— 1. Inorder that the linear nth
order equation (27) be disconjugate on the interval [t,, t,) it is necessary and
sufficient that the L, be continuouson (t,, t,).

In fact, our argument shows that it is sufficient to require the continuity
of the Ly, 4 k=1,-"+,n— 1. Since, according to (33), the continuity of
these functions is equivalent to the conditions W, #0, k=1,-+-,n -1,
this provides a new proof of Pdlya’s well-known necessary and sufficient condi-
tion for disconjugacy [12].
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